Quadratic tachyon profile has been discussed in the boundary string field theory. We here compute the g-function by factorizing the cylinder amplitude. The answer is compared with the disc partition function. The boundary state is constructed. We extend these computations to those of the boundary sine-Gordon model at the free fermion point.
The boundary string field (BSFT) theory [1] has been recently adopted for the analysis of Sen's tachyon condensation [2] both in bosonic and supersymmetric string theory. In the bosonic BSFT the spacetime string action S is conjectured to satisfy [3] [4] [5] [6] [7] ∂S
where λ i are the boundary coupling constants, G ij is their metric, andβ i are the beta functions. This differential equation for S has the same form as that conjectured for the ground state degeneracy (g-function) [8] in statistical models. In fact the studies based on this similarity have been progressed by several authors [4] [9] [10] .
In this letter we consider the model in which the open string on-shell action is deformed at the boundary by the quadratic term in X [1] . This model has been used in the evaluation of the exact tachyon potential [5] - [7] and can be obtained as a limit of boundary sine-Gordon (BSG) model. The Lagrangian of the BSG model is
where Σ is a worldsheet of open string, η ij is its metric, and ∂Σ is the boundary parameterized by y. If the quantity λ = R 2 /4π 2 α ′ −1 is a non-negative integer, the model is exactly solvable [11] and λ corresponds to the number of the species of the breathers. If we take the limit R → ∞ and let the parameter ζ scale appropriately, T (X) becomes a quadratic function of X, namely, T (X) = a + uX 2 . Let us call this the boundary quadratic deformation (BQD) model.
We evaluate the partition functions of the BQD model on a cylinder and a disc. The disc partition function followed by the spacetime string action is already evaluated in ref. [1] . Our main interest in this letter goes to the g-description. Thus we first calculate the cylinder partition function and extract g by means of the finite size scaling. Because the BQD is a specific case of the BSG model with R → ∞ limit, the direct calculation of the functional determinant is more suitable than the thermodynamic Bethe ansatz (TBA) method [12] [13] , which includes breathers of an infinite number of species.
Secondly we construct the boundary state [14] on a disk which reproduces the known partition function [1] and can be used to define the g-function on the disk. We will see that S as a function of the boundary coupling constant on the disc has a pole at every minus integer whereas g on the cylinder has a zero there.
Finally we consider the BSG model at the free fermion (FF) point, 4π 2 α ′ /R 2 = 1/2. The g-function of the FF model on a cylinder is obtained in refs. [13] [15] [17] . We evaluate its partition function on a disc by means of the fermionization method. We find a similar result to the BQD case: g on the cylinder has a zero at every minus half-integer while the partition function on the disc possesses a pole there.
Let us consider the BQD model on a cylinder and evaluate its partition function. We remark that a similar analysis on an annulus can be found in ref. [18] . Let the length of the cylinder be l and the radius be r. The temperature is identified with θ = 1/2πr. The Lagrangian and the partition function of the BQD model are
and
respectively. The boundary condition at x = 0 is a mixed type:
We impose the Dirichlet type condition at x = l and the periodic boundary condition in t-direction. 1 Let us calculate the partition function in the Lagrange formalism. We expand the field X as
Because we assume the periodic boundary condition in t-direction, m runs over integers. In xdirection, we impose the mixed boundary condition (5) , which gives the equation determining µ j :
Therefore, the partition function becomes
The complete partition function Z includes the contribution from the zero mode integration.
Applying the standard zeta-function regularization, we obtain
Let us define a function
If a certain µ j satisfies (7), one can see f (µ j ) = πI j /l, where I j is an integer. If vl > 1, f (p) is a monotonically increasing function. Therefore, I j+1 − I j = 1. Let us introduce the density function
In the limit l → ∞, µ j develops continuously in (0, ∞). From the form of (10), we see
Hence, the free energy is represented like
Let us recall the definition of g-factor in terms of the finite size scaling:
We conclude
where u = rv. We have subtracted ln √ rv, taking the zero mode integration into account.
In (15) , taking the limits u → 0 (UV limit) and u → ∞ (IR limit), we see g UV /g IR = ∞. This is consistent with the g-theorem [8] . We should remark here that from (15) g has zeros at u = −1, −2, · · ·.
Let us consider BQD model on a disc D:
where we set σ 1 = r and σ 2 = σ. η ij and g µν are the metrics of the world sheet D and the spacetime, respectively, a and u µν are the coupling constants at the boundary. From the action (16) , we should impose the boundary condition on ∂D as
In ref. [1] the partition function of the BQD model is calculated on the disc with unit radius, i.e. c = 1 with g µν = δ µν and u µν = u µ δ µν . The result is
Let us consider the partition function (18) in the closed string picture. For this sake, we introduce the boundary state satisfying
To determine the explicit form of B|, we utilize the mode expansion of X in terms of the complex coordinates, z = re iσ andz = re −iσ : 
where 0| is the out vacuum state:
0| α µ −n = 0|α µ −n = 0 for n > 0.
Upon setting g µν = δ µν and u µν = u µ δ µν , we see that the boundary state (22) satisfies the condition (19) if the parameters are
This boundary state (22) with (24) can be used in the calculation of the correlation functions. For example, the two point function can be calculated as 2
which agrees with the result in ref. [1] by means of Green's differential equation. Hence, the boundary state (22) with (24) reproduces the disc partition function (18) precisely. The partition function (18) and the spacetime action S(= i W Z) have poles at u µ = −1, −2, · · ·.
Finally let us evaluate the partition function of the BSG on a disk at the FF point, namely,
where we set α ′ = 2. To execute the calculation, it is useful to apply the description in terms of massless fermions [15] - [17] of the action (26). The fermionic action S consists of four terms, S = S
is a free fermion action in the bulk, and the boundary terms are
We can obtain the equation of motion
and the boundary conditions
where dimensionless parameter is introduced, B = ζ 2 c/64π 2 .
Substituting (32) into (30), we obtain
With the help of Green's functions, we can calculate the partition function by integrating (34). As a result, we should integrate
The above quantity diverges as ǫ → 0, and thus needs regularization. If we subtract 1 − B/(k + 1/2) in the summation, we obtain 
We can integrate (36) to yield
which has poles at B = −1/2, −3/2, · · ·. On the other hand, the g-function defined on a cylinder is known [13] [15] [17] as
where α = 32π 2 rζ 2 .
We finally point out again a curious reciprocal relation between the disc partition function and the g-function extracted from the cylinder partition function, which is common to the two examples considered in this letter. In the analytic coupling constant plane, the disc partition function has integer spaced poles in the negative real axis whereas the g-function possesses zeros precisely at these points.
